The category of firm modules need not be abelian  by González-Férez, Juan & Marín, Leandro
Journal of Algebra 318 (2007) 377–392
www.elsevier.com/locate/jalgebra
The category of firm modules need not be abelian
Juan González-Férez, Leandro Marín ∗
Departamento de Matemática Aplicada, Facultad de Informática, Universidad de Murcia,
30071 Espinardo-Murcia, Spain
Received 3 January 2007
Communicated by Kent R. Fuller
Abstract
Let R be a nonunital ring. A left R-module M is said to be firm if R ⊗R M → M given by r ⊗m → rm
is an isomorphism. The category of firm left R-modules generalizes the usual category of unital modules
for a unital ring and it has been used to study the Morita Theory for nonunital rings. It is an open problem
if the category of firm modules is an abelian category. In this paper, we prove that, in general, this category
is not abelian.
© 2007 Elsevier Inc. All rights reserved.
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Let R be an associative ring without identity. One problem that arises when we try to apply
categorical methods to nonunital rings is the choice of an appropriate category of modules. The
condition 1R · m = m for all m ∈ M cannot be stated in this way, but other options are available.
Two possible choices are the category of closed modules (i.e. R-modules M such that the canon-
ical homomorphism λM :M → HomR(R,M) given by (r)(m)λM = rm is an isomorphism)1
and the category of firm modules (i.e. R-modules M such that the canonical homomorphism
μM :R ⊗R M → M given by (r ⊗ m)μM = rm, is an isomorphism). The category of closed
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1 We will use left modules, and homomorphisms will be written in the opposite place to the scalars and therefore, they
will be usually on the right. If f :M → N and g :N → K are homomorphisms, we will denote the composition gf in
order to have the property (m)(gf ) = ((m)g)f .0021-8693/$ – see front matter © 2007 Elsevier Inc. All rights reserved.
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which has many nice properties, is shown here not to be abelian in general. There are also some
other possible choices, for example the category of unitary R-modules3 or category of unitary
and torsion free R-modules.4 In some particular cases, for example C∗-algebras or s-unital rings
are all equivalent. In general they are not equivalent.
The categories R-CMod and R-DMod are equivalent for a wide family of rings. In fact in [2]
it is characterized when these categories are equivalent with the canonical functors, this family
includes the rings with identity and the idempotent rings, i.e. rings R such that R2 = R. In all
these cases, the category R-DMod is abelian. There are also examples, see [4], in which the
categories R-CMod and R-DMod are not equivalent, but where R-DMod is abelian. Asking if
the category R-DMod is abelian in general is a quite natural question and indeed was asked in
[6, (8.7)].
It is proved in [5] that the category R-DMod has a generator; it is complete and cocomplete;
every epimorphism is a cokernel; etc. The only major property that was not proved was the nor-
mality, i.e. whether every monomorphism is a kernel. In this paper, in Section 1, we characterize
the monomorphisms that are kernels in a category of firm modules, we also prove that if for a
ring R the category of firm modules is not abelian, then the category of R-unitary modules is
also not abelian. In Section 2 we make the construction of a ring for which the category of left
firm modules is not abelian, and find a monomorphism that is not a kernel. In this example, we
also prove that the category of right firm modules is abelian.
1. Monomorphisms and kernels
We are going to use most of the results given in [5] and we will also use the notation given
there. For the sake of clarity, some of the definitions and key results will be also included here
(without proofs) but with the notations that will be used in the last section. The main aim in
this section is to give a description of monomorphisms and kernels and to characterize when a
monomorphism is also a kernel. We will also prove some results about R-unitary modules that
will be needed to prove that if R-DMod is not abelian, the category of R-unitary modules is also
not abelian.
Let X be a set, and we will denote by 〈X〉 the free monoid of words over X and 〈X〉0 the free
semigroup of nonempty words. For a word x ∈ 〈X〉, we will denote by λ(x) the length of the
word, and x = x1x2 · · ·xλ(x). In some cases we will need to consider the opposite monoid with
the same elements but opposite product, 〈X〉opp. An element x will be written x when considered
in this opposite monoid. Therefore xy = yx and xz = zx for any x, y ∈ 〈X〉 and any z ∈ X. The
empty word will be denoted by 1. We will say that x  y iff there exists z ∈ 〈X〉 such that xz = y.
Let k be a commutative ring (or a field, the construction is not going to depend on the structure
of k). We will denote by k〈X〉 (respectively k〈X〉0) the free (nonunital) k-algebra generated
by the (nonempty) words over X. Let I be a two-sided ideal of k〈X〉0. We will consider the
unital ring A = k〈X〉/I and the nonunital ring R = k〈X〉0/I . We will also denote the canonical
epimorphism by π : k〈X〉 → A.
2 Let R be a ring and A a ring with identity such that R is a two sided ideal in it (this can be always done for example
with A = R×Z). The category of closed modules can be considered as a particular case of quotient category in the sense
of [7, Exercise IX.14] and therefore a Grothendieck category.
3 A module M is said to be R-unitary if RM = M .
4 A module M is said to be torsion free if for all m ∈ M , if mR = 0 then m = 0.
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taking X as the whole ring). The set X with the map π is in particular a T-generator set with the
definition given in [5, Definition 2] because R2 = π(X)R = Rπ(X).
In the following all the modules considered are in A-Mod and the category of firm modules
R-DMod will be considered as a full subcategory of A-Mod.
A module M is said to be R-unitary if RM = M . This condition is equivalent to π(X)M = M
because AM = M and π(X)M = π(X)AM = RM . Firm modules are in particular R-unitary,
but the converse is not true in general. In fact, if all R-unitary modules are firm, then the category
of firm modules would be abelian, as will be proved in Proposition 9. Before proving this result,
we are going to recall the general definitions of monomorphisms and kernels in these categories:
Definition 1. Let A be the category of firm R-modules or the category of R-unitary modules.
A morphism f :M → N in A is
(1) a monomorphism if for any h :U → M in A, if hf = 0 then h = 0,
(2) a kernel, if there exists h :N → C in A such that f h = 0 and for any g :L → N in A with
gh = 0, there exists a unique g :L → M in A such that gf = g. In this case we will say that
f is the kernel of h.
Proposition 2. Let A be the category of firm R-modules or the category of R-unitary modules.
Let f :M → N in A be a morphism, Im(f ) the image of f computed in A-Mod, N/Im(f ) the
quotient module computed in A-Mod and p :N → N/Im(f ) the canonical projection. Then f is
a kernel in A if and only if f is the kernel of p.
Proof. First, note that if f :M → N is in R-DMod, then Im(f ) is R-unitary and using
[5, Proposition 10] we get that N/Im(f ) is firm. This proves that if f is in A, then p is in A.
Suppose f is the kernel of h : N → C, then f h = 0, therefore Im(f ) ⊆ Ker(h) computing all
these objects in A-Mod. We are going to prove that f is the kernel of p. Consider g : L → N
such that gp = 0, then Im(g) ⊆ Ker(p) = Im(f ) ⊆ Ker(h), therefore gh = 0 and then, using the
fact that f is the kernel of h, there exists a unique g :L → M such that gf = g. 
The class of R-unitary modules is a torsion class in A-Mod and we can use the following
general construction for preradicals. Further details of this general construction can be seen in
[7, Chapter VI].
Definition 3. For any left A-module M , let u(M) = RM and for any ordinal α we can define
uα(M) as follows: u0(M) = M , uα(M) =⋂β<α uβ(M) if α is a limit ordinal and uβ+1(M) =
u(uβ(M)).
Any left A-module M has a biggest submodule U(M) ⊆ M such that U(M) = RU(M). This
submodule is called the R-unitary part of M (note that the sum of all R-unitary submodules
of M is also R-unitary). The sequence uα(M) stabilizes in U(M). A module M is said to be
vanishing if U(M) = 0, i.e. it does not contain any nonzero R-unitary A-submodule in it. Note
that a module M is R-unitary if and only if U(M) = M .
Every element m ∈ U(M) can be written as m =∑x∈X π(x)mx with mx ∈ U(M) and mx = 0
for almost all x ∈ X. We can repeat this operation for the elements mx and if we continue thus,
we obtain a infinite tree described in terms of elements of X. This is the idea that is used in [5]
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unitary supports.
A subset σ ⊆ 〈X〉 is a unitary support if it satisfies:
(1) for any x ∈ σ and y  x we have y ∈ σ ,
(2) for any x ∈ σ , the set {y ∈ X: xy ∈ σ } is finite and nonempty.
Let us denote by ΞU(X) the set of all unitary supports over X. Given σ ∈ ΞU(X), the A-
module 〈〈σ 〉〉 is defined as 〈〈σ 〉〉 = lim−→Fn with the following structure: We denote by Fn = AX
n∩σ
and for any x ∈ Xn ∩ σ we denote by [x]σ the element in Fn with 1A in the xth component and
0 elsewhere. With this notation we define the homomorphisms
Fn → Fn+1, [x]σ →
∑
{y∈X: xy∈σ }
π(y)[yx]σ .
The element associated to [x]σ in 〈〈σ 〉〉 is denoted by 〈x〉σ . For any σ ∈ ΞU(X), the module
〈〈σ 〉〉 is in the category R-DMod [5, Proposition 8] and it is a flat A-module (direct limit of
projective modules). The module ∐σ∈ΞUX 〈〈σ 〉〉 is the generator of the category R-DMod built in[5, Proposition 12].
Let σ and τ be unitary supports with σ ⊆ τ , then we can define a canonical homomorphism
Φτσ : 〈〈τ 〉〉 → 〈〈σ 〉〉 satisfying the condition (〈x〉τ )Φτσ = 〈x〉σ if x ∈ σ , and 0 in the other case.
This definition makes 〈〈σ 〉〉,Φτσ an inverse system. For details, see [3, Section 3].
Proposition 4. Let σ a nonempty unitary support and let
∑
x∈σ∩Xn ax〈x〉σ be an element of 〈〈σ 〉〉
with ax ∈ A. The following are equivalent:
(1) ∑x∈σ∩Xn ax〈x〉σ = 0.
(2) ax〈x〉σ = 0 for any x ∈ σ ∩ Xn.
(3) There exists m n such that for any z ∈ σ ∩ Xm we have
a(z1 · · · zn)π(zn+1 · · · zm) = 0.
Proof. (3) ⇒ (2). The composition of the maps Fn → Fn+1 gives the map Fn → Fm. If we
denote Px = {z ∈ Xm−n: xz ∈ σ } then each ax[x]σ maps to∑z∈Px axπ(z)[z x]σ = 0. We deduce
that ax〈x〉σ = 0 for each x ∈ Xn ∩ σ .
(2) ⇒ (1). This is clear because the sum of elements equal to 0 is equal to 0.
(1) ⇒ (3). If ∑x∈σ∩Xn ax〈x〉σ = 0 then for each x ∈ σ ∩Xn exists m n such that [x]σ is 0
with the map Fn → Fm. Taking the biggest m we get (3). 
Proposition 5. Let M be a left A-module. Then
(1) M is R-unitary iff for each m ∈ M there exists a unitary support σ and a homomorphism
f : 〈〈σ 〉〉 → M such that (〈1〉σ )f = m.
(2) M is vanishing iff for any σ ∈ ΞU(X), HomA(〈〈σ 〉〉,M) = 0.
Proof. (1) See [5, Proposition 9].
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f : 〈〈σ 〉〉 → M with (〈1〉σ )f = m, then f is not 0. Conversely, if f : 〈〈σ 〉〉 → M is not 0, then
0 = Im(f ) ⊆ U(M). 
Proposition 6. Let f :M → N be a morphism in R-DMod. The following conditions are equiv-
alent:
(1) f is a monomorphism in R-DMod.
(2) f is a monomorphism in the category of R-unitary modules.
(3) Kerf computed in A-Mod is a vanishing module.
Proof. The equivalence between (1) and (3) is [5, Proposition 12.5].
Suppose (3) and let h :U → M be a morphism in the category of R-unitary modules such
that hf = 0, then Im(h) ⊆ Ker(f ), but Im(h) is R-unitary and Ker(f ) is vanishing, therefore
Im(h) = 0 and h = 0. This proves that (3) implies (2). The category of firm modules is a subcat-
egory of the category of R-unitary modules, therefore (2) implies (1) is trivial. 
Proposition 7. Let f :M → N be a morphism in R-DMod. If f is a kernel in the category of
R-unitary modules, then it is a kernel in R-DMod.
Proof. Using Proposition 2 and the definition of a kernel, if f is a kernel in the category of
R-unitary modules, then for any R-unitary module L and any g :L → N with Im(g) ⊆ Im(f ),
there exists a unique g :L → M such that gf = g. But firm modules are in particular R-unitary,
therefore we know that for any firm module L and any g :L → N with Im(g) ⊆ Im(f ), there ex-
ists a unique g :L → M such that gf = g. This proves that f is the kernel of p : N → N/Im(f )
in R-DMod. 
Corollary 8. If there exists a monomorphism f that it is not a kernel in R-DMod, then f is also
a monomorphism that it is not a kernel in the category of R-unitary modules.
Proof. Join Propositions 6 and 7. In particular, if R-DMod is not abelian, then the category of
R-unitary modules it not abelian. 
According to [1, Definition 1], a ring R is said to be left xst if the class of R-unitary modules
is closed under submodules. In [1] there are several characterizations of this kind of rings, see
[1, Propositions 1, 3] and [1, Theorem 4]. We are going to give here another one and prove that
in this case, the category R-DMod is abelian.
Proposition 9. The following conditions are equivalent:
(1) The ring R is left xst.
(2) Every R-unitary module is firm.
In this case, the category of firm modules is abelian.
Proof. (1 ⇒ 2). Let M be an R-unitary module and consider μM :R ⊗A M → M . The module
R ⊗A M is also R-unitary and μM is surjective. For every r ∈ R and ∑i ri ⊗ mi ∈ Ker(μM),
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∑
i ri ⊗ mi = r ⊗
∑
i rimi = 0, therefore R Ker(μM) = 0, but the submodule Ker(μM) is uni-
tary, then Ker(μM) = 0 and M is firm.
(2) ⇒ (1). Let M be a R-unitary module and K a submodule of M . The module M/K is
R-unitary and then M and M/K are firm modules. If we apply [5, Proposition 10] we get that K
is R-unitary.
Suppose now that condition (1) holds and f :M → N is a monomorphism in R-DMod, then
Ker(f ) is a vanishing submodule of M , but Ker(f ) is a submodule of M , therefore Ker(f ) is R-
unitary and vanishing and then Ker(f ) should be 0. This proves that f is the kernel of p :N →
N/Im(f ) in A-Mod, and then for any (firm) module L and any g :L → N with Im(g) ⊆ Im(f ),
there exists a unique g :L → M such that gf = g. This proves that R-DMod is normal (i.e. every
monomorphism is a kernel) and then it is an abelian category (all the other conditions are proved
in [5, Proposition 14]). 
In this paper we are looking for a ring and modules over that ring for which there is a
monomorphism that it is not a kernel. By Proposition 9, in this case R-unitary modules and
firm modules will be different. We are going to give some technical results that will be needed
below
Lemma 10. Let f :M → N be a homomorphism in A-Mod, σ a unitary support, g : 〈〈σ 〉〉 → N
an A-homomorphism such that Img ⊆ Imf and m ∈ M such that (m)f = (〈1〉σ )g. If K =
Kerf is R-unitary, then there exists a unitary support τ such that σ ⊆ τ and h : 〈〈τ 〉〉 → M with
(〈1〉τ )h = m and making the following diagram commutative
M
f−−−−→ N
h
⏐⏐ ⏐⏐g
〈〈τ 〉〉 −−−−→
Φτσ
〈〈σ 〉〉.
Proof. We are going to make a recursive construction of subsets Vn ⊆ Xn and maps hn :Vn → M
such that σ ∩ Xn ⊆ Vn and for each x ∈ Vn holds (〈x〉σ )g = (x)hnf if x ∈ σ or (x)hnf = 0
otherwise.
The module K is R-unitary therefore π(X)K = K . Using the fact that Img ⊆ Imf , we can
find elements {mx}x∈X∩σ in M such that (mx)f = (〈x〉σ )g for each x ∈ X ∩ σ . Then
(m)f = (〈1〉σ )g = ∑
x∈X∩σ
π(x)
(〈x〉σ )g = ∑
x∈X∩σ
π(x)(mx)f =
( ∑
x∈X∩σ
π(x)mx
)
f.
In this way we make m − ∑x∈X∩σ π(x)mx ∈ K , and then we can find elements {kx}x∈X
in K , almost all of them 0, such that m − ∑x∈X∩σ π(x)mx = ∑x∈X π(x)kx , i.e., m =∑
x∈X π(x)(kx + mx), defining mx = 0 for each x ∈ X \ σ .
Let V0 = {1} and h0 :V0 → M mapping 1 to m. Let V1 = {x ∈ X: kx +mx = 0}∪ (σ ∩X) and
h1 :V1 → M with (x)h1 = kx + mx . Then it is clear that (1)h0f = (m)f = (〈1〉σ )g. Besides,
if x ∈ V1 ∩ σ then (x)h1f = (kx + mx)f = (mx)f = (〈x〉σ )f . Otherwise mx = 0, therefore
(x)h1f = (kx)f = 0.
Suppose we have already defined Vn ⊆ Xn and the map hn :Vn → M , then we are going
to define Vn+1 and hn+1 :Vn+1 → M in the following way: Let z ∈ Vn. If z is not in σ , then
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such that (z)h =∑x∈X π(x)kzx . If z ∈ σ , then (〈z〉σ )g = (z)hnf . Besides, for each x ∈ X with
zx ∈ σ , there exists mzx in M with (mzx)f = (〈xz〉σ )g. Then we have
(z)hnf =
(〈z〉σ )g = ∑
{x: zx∈σ }
π(x)
(〈xz〉
σ
)
g =
∑
{x: zx∈σ }
π(x)(mzx)f.
So, (z)hn −∑{x: zx∈σ } π(x)mzx is in K . Therefore we can find elements {kzx}x∈X such that
(z)hn −∑{x: zx∈σ } π(x)mzx =∑x∈X π(x)kzx . We can write (z)hn =∑x∈X π(x)(kzx + mzx),
making mzx = 0 for each zx out of σ . We define Vn+1 = {zx: z /∈ σ, kzx = 0} ∪ {zx: z ∈ σ, kzx +
mzx = 0} ∪ (σ ∩Xn+1) and hn+1 :Vn+1 → M given by (zx)hn+1 = kzx if z /∈ σ and (zx)hn+1 =
kzx + mzx if z ∈ σ .
Let zx be in Vn+1. If z ∈ σ , then (zx)hn+1f = (kzx + mzx)f = (mzx)f = (〈zx〉σ )g. Else if
z /∈ σ , then (zx)hn+1f = (kzx)f = 0.
We define τ =⋃n∈N Vn. Because of the construction, for each x1 · · ·xn+1 ∈ Vn+1 we have
that x1 · · ·xn ∈ Vn because we use the elements from Vn to get those from Vn+1. We define
h : 〈〈τ 〉〉 → M as (〈x〉τ )h = (x)hλ(x), where λ(x) ∈ N with x ∈ Vλ(x).
Let x be in τ . If x ∈ σ , then (〈x〉τ )Φτσ = 〈x〉σ , and otherwise (〈x〉τ )Φτσ = 0. In the first
case (〈x〉τ )hf = (x)hλ(x)f = (〈x〉σ )g = (〈x〉τ )Φτσ g, and in the second (〈x〉τ )hf = 0 = (0)g =
(〈x〉τ )Φτσ g. This proves that hf = Φτσg. 
Lemma 11. Let f :M → N and g :P → N be two A-homomorphisms with P R-unitary and
Img ⊆ Imf . If K = Kerf satisfies RK = 0, there exists a unique h :R ⊗A P → M such that
the following diagram is commutative
M
f−−−−→ N
h
⏐⏐ ⏐⏐g
R ⊗A P −−−−→
μP
P .
Moreover, if P is in R-DMod, given that μP is an isomorphism, we can lift g :P → N to
g :P → M .
Proof. Let p ∈ P and r ∈ R, then (p)g = (m)f for some m ∈ M . We define (r,p)h1 = rm.
Suppose that there exists another element m1 ∈ M such that (p)g = (m1)f , then m − m1 ∈ K ,
therefore r(m − m1) = 0 and then rm = rm1. The map h1 does not depend on the choice of m.
We are going to prove that h1 is linear on both variables. Let p and p′ be elements from P with
(p)g = (m)f and (p′)g = (m′)f (then (p + p′)g = (m + m′)f ) and let r and r ′ be elements
from R. Then
(r,p)h1 + (r,p′)h1 = rm + rm′ = r(m + m′) = (r,p + p′)h1,
(r,p)h1 + (r ′,p)h1 = rm + r ′m = (r + r ′)m = (r + r ′,p)h1.
We are going to prove that it is also A-balanced. Let a be any element from A. If (p)g = (m)f
then (ap)g = a(p)g = a(m)f = (am)f therefore (r, ap)h1 = r(am) = (ra)m = (ra,p)h1.
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the diagram.
In order to prove the uniqueness, suppose we have h1, h2 :R ⊗A P → M such that (r ⊗
p)h1f = (rp)g = (r ⊗ p)h2f , then h1 − h2 is a homomorphism from R ⊗A P to K that is 0
because R ⊗A P is unitary. 
Let K ⊆ M be A-modules. The chain u0(K) ⊇ u1(K) ⊇ · · · ⊇ uβ(K) ⊇ given in Definition 3
induces epimorphisms hβγ :M/uγ (K) → M/uβ(K) for any ordinal β  γ . If we consider the
family of modules M/uβ(K) with β < α and morphisms {hβγ : β  γ < α} we have an inverse
system. We can take inverse limits and we get a monomorphism
hα :M/u
α(K) → lim←−
β<α
M/uβ(K).
The cokernels of these homomorphisms play a central role in characterizing the kernels in
R-DMod.
Theorem 12. Let f :M → N be an monomorphism between firm modules (i.e. K = Kerf is
vanishing). The following conditions are equivalent:
(1) For any limit ordinal α
U
( lim←− β<α M/uβ(K)
M/uα(K)
)
= 0.
(2) f is a kernel, i.e. there exists a morphism h :N → K in R-DMod such that f h = 0 and for
all g :P → N with gh = 0 there exists a unique g′ :P → N such that g = g′f .
Proof. (1) ⇒ (2). Let g :P → N be a morphism in R-DMod such that Im(g) ⊆ Im(f ). For any
ordinal β , we are going to define a homomorphism gβ :P → M/uβ(K). These definitions are
going to be compatible with the inverse limit structure and gα with uα(K) = 0, will be the lifting
of g.
The construction will be recursive. Let g0 :P → Im(g) ⊆ Im(f ) = M/K = M/u0(K) be
initially the homomorphism induced by g. Suppose we have defined gβ :P → M/uβ(K) for
β < α satisfying the previous conditions.
If α = β + 1 for some ordinal, then uα(K) = Ruβ(K) and we have
0 → uβ(K)
Ruβ(K)
→ Muα(K)
hβα→ M
uβ(K)
→ 0.
↑ gβ
P
The definition of gα :P → M/uα(K) is given by Lemma 11.
If α is a limit ordinal, then we can take inverse limits and define gˆα :P → lim←− β<α M/uβ(K).
The image of gˆα is in M/uα(K) because U(
lim←− β<αM/u
β(K)
M/uα(K) ) = 0, therefore we get gα :P →
M/uα(K) by restriction of the image.
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ness. Suppose g′, g′′ :P → N satisfy g′f = g = g′′f , then (g′ − g′′)f = 0 and g′ − g′′ :P → M
has the image inside K , but (P )(g′ − g′′) is R-unitary (because RP = P ), and therefore it is
inside U(K) = 0. This proves that g′ − g′′ = 0 and g′ = g′′.
(2) ⇒ (1). Suppose f is a kernel but that condition (1) is not satisfied for α. Then we can find
a nonzero element
w ∈ U
( lim←− β<α M/uβ(K)
M/uα(K)
)
.
For this element we can find g¯ : 〈〈σ 〉〉 → lim←− β<αM/u
β(K)
M/uα(K) such that (〈1〉σ )g¯ = w. The module
M/uα(K) is R-unitary (because RM = M), then we can use Lemma 10 and find a unitary
support τ and g˜ : 〈〈τ 〉〉 → lim←− β<αM/uβ(K) such that the diagram
lim←− β<α M/u
β(K) −−−−→ lim←− β<αM/u
β(K)
M/uα(K)
g˜
⏐⏐ ⏐⏐g¯
〈〈τ 〉〉 Φτσ−−−−→ 〈〈σ 〉〉
is commutative. For any γ < α, let pγ : lim←− β<α M/u
β(K) → M/uγ (K) be the projection in the
γ th component. Using the fact that f is a kernel, we can lift the homomorphism g˜p0 : 〈〈τ 〉〉 →
M/u0(K) = M/K ⊆ N to gˆ : 〈〈τ 〉〉 → M .
Let j :M → lim←− β<α M/uβ(K) be (m)j = (m + uβ(K))β<α . The composition gˆjpβ coin-
cides with g˜pβ for β = 0. We are going to prove that gˆjpβ = g˜pβ for all β < α. Suppose this is
not true, then there exists a smallest ordinal α′ < α such that gˆjpα′ = g˜pα′ and let m ∈ M such
that (m)gˆjpα′ = (m)g˜pα′ . The ordinal α′ cannot be a limit ordinal because
(m)(gˆj − g˜)pα′hα′β = (m)(gˆj − g˜)pβ = 0
for all β < α′, then (m)(gˆj − g˜)pα′ ∈⋂β<α′ uβ(K)/uα′(K) = 0.
If α′ = β + 1, then (M)(gˆj − g˜)pα′hα′β = (M)(gˆj − g˜)pβ = 0 therefore (M)(gˆj − g˜)pα′ ⊆
Ker(hα′β) = uβ(K)/Ruβ(K), then (M)(gˆj − g˜)pα′ = 0 because RM = M and R(uβ(K)/
Ruβ(K)) = 0.
We have proved that α′ cannot exist, therefore gˆj = g˜. But this is not possible either, because
Im(gˆj) ⊆ M/uα(K) and then
0 = (〈1〉τ )g˜ + M/uα(K) = (〈1〉σ )g¯ = w
which we have supposed was not true. 
Corollary 13. If there exists a morphism between firm modules f :M → N such that 0 =⋂
n∈NRnK and U(
lim←−[n∈N]K/un(K)
K
) = 0 (where K = Kerf ), then f is monomorphism in
R-DMod and it is not a kernel. Therefore, if such a morphism exists, then the category of firm
modules is not abelian.
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vanishing.
For any n ∈ N we have an A-monomorphism K/un(K) → M/un(K). These induce the ho-
momorphism
lim←−K/u
n(K) → lim←−M/un(K) →
lim←−M/u
n(K)
M
.
The kernel of this homomorphism is precisely K . Then we can consider the module lim←−K/u
n(K)
K
an A-submodule of lim←−M/u
n(K)
M
. Submodules of vanishing modules are vanishing, therefore if the
module U( lim←−K/u
n(K)
K
) is not 0, then U( lim←−M/u
n(K)
M
) cannot be 0. 
2. The counterexample
Let k be a field and X = {x, y, z1, z2, . . . , zn, . . .} a countable set. Let S = k〈X〉0 and B =
k〈X〉. Let P be the following set
{xz1} ∪ {xzn − zn−1y: n ∈ N, n 2}
= {xz1, xz2 − z1y, xz3 − z2y, xz4 − z3y, . . .}
and I the ideal of B generated by P , i.e. I = BPB . We also denote A = B/I and R = S/I .
Let π :B → A be the canonical projection. We are going to prove that R-DMod is not an abelian
category.
The ring A is graded, A =⊕n0 kπ(X)n and R =⊕n1 kπ(X)n. The module⋂n∈NRn = 0
because an element p ∈ R with degree n, cannot belong to Rn+1 (all these words have a degree
greater than n).
Lemma 14.
(a) Let a ∈ A, then
(1) If aπ(x) = 0, then a = 0.
(2) If aπ(y) = 0, then a = 0.
(3) If aπ(zn) = 0, then there exists a′ ∈ A such that a = a′π(x)n.
(b) Let (aα)α∈X ∈ A(X) such that ∑α∈X aαπ(α) = 0, then ax = 0 and we can find elements
(a′n)n∈N ∈ A(N) such that ay = −
∑
n2 a
′
nπ(zn−1) and azn = a′nπ(x) for all n ∈ N.
Proof. The ideal I can be decomposed in two summands BPBX and BP . A generic element
of I can be written as
uxx + uyy +
∑
n∈N
uznzn + b1xz1 +
∑
n2
bn(xzn − zn−1y)
= uxx +
(
uy −
∑
n2
bnzn−1
)
y +
∑
n1
(uzn + bnx)zn
where uα ∈ BPB = I for all α ∈ X and bn ∈ B for all n ∈ N (almost all of them 0).
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(1) If aπ(x) = 0, then π(bx) = 0 and bx ∈ I . Using the previous decomposition, b = ux
with ux ∈ I , therefore a = π(b) = π(ux) = 0.
(2) If aπ(y) = 0, then π(by) = 0 and by ∈ I . Using again the previous decomposition
we get b = uy − ∑n2 bnzn−1 and uzn + bnx = 0 for n  1. Then π(bn)π(x) = 0
for all n and using (1) we obtain π(bn) = 0 for all n. Then a = π(b) = π(uy) −∑
n2 π(bn)π(zn−1) = 0.
(3) This proof will be made by induction on n.
If aπ(z1) = 0, then bz1 ∈ I and therefore b = uz1 + b1x, then π(b) = π(b1)π(x).
Suppose we have already proved the result for n and aπ(zn+1) = 0. Then bzn+1 ∈ I and
using the previous decomposition, we get b = uzn+1 + bn+1x, then
0 = aπ(zn+1) = π(uzn+1 + bn+1x)π(zn+1)
= π(bn+1)π(xzn+1) = π(bn+1)π(zny) = π(bn+1zn)π(y).
Using (2) we get π(bn+1)π(zn) = 0 and we can apply the inductive step to say that
π(bn+1) = a′π(x)n, then a = π(b) = π(uzn+1 + bn+1x) = π(bn+1)π(x) = a′π(x)n+1.
(b) Let bx, by, bzn ∈ B , almost all 0, such that ax = π(bx), ay = π(by) and azn = π(bzn).
Then π(bxx + byy +∑n∈N bznzn) = axπ(x) + ayπ(y) +∑n∈N aznπ(zn) = 0 and there-
fore bxx + byy +∑n∈N bznzn ∈ I and we can find elements ux,uy,uzn ∈ I and b′n ∈ B such
that bx = ux , by = uy −∑n2 b′nzn−1 and bzn = uzn + b′nx. Let a′n = π(b′n), then
ax = π(bx) = π(ux) = 0,
ay = π(by) = π(uy) −
∑
n2
π
(
b′n
)
π(zn−1) = −
∑
n2
a′nπ(zn−1),
azn = π(bzn) = π(uzn) + π
(
b′n
)
π(x) = a′nπ(x). 
We are going to define the following unitary supports: τ = {xn: n ∈ N} ∪ {1} and σ =
{yn: n ∈ N} ∪ {1}. We define also f : 〈〈τ 〉〉 → 〈〈σ 〉〉 by (〈1〉τ )f = 0 and (〈xn〉τ )f = π(zn)〈yn〉σ .
Proposition 15. With the previous definition, f is a morphism in R-DMod.
Proof. We have to check that the relations in 〈〈σ 〉〉 are satisfied, i.e.
π(x)
(〈x〉τ )f = π(x)(π(z1)〈y〉σ )= 0 = (〈1〉τ )f
and
π(x)
(〈
xn+1
〉
τ
)
f = π(x)(π(zn+1)〈yn+1〉σ )= π(zny)〈yn+1〉σ
= π(zn)π(y)
〈
yn+1
〉
σ
= π(zn)
〈
yn
〉
σ
= (〈xn〉
τ
)
f. 
Proposition 16. Let m ∈ 〈〈τ 〉〉 such that (m)f = 0, then there exists n ∈ N and a ∈ A such that
m = aπ(x)n〈xn〉τ .
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rπ(zn)〈yn〉σ . Then, using Proposition 4 we can find t ∈ N with 0 = rπ(zn)π(yt ) = rπ(znyt ).
Using Lemma 14 we get rπ(zn) = 0 and therefore r = aπ(x)n for some a ∈ A. 
Corollary 17. Let m ∈ 〈〈τ 〉〉 such that 0 = (m)f , then there exists a ∈ A such that m = a〈1〉τ
Proof. From the previous proposition we know that there exists a ∈ such that m = aπ(x)n〈xn〉τ ,
but π(x)n〈xn〉τ = 〈1〉τ , then m = a〈1〉τ . 
Corollary 18. The A-modules Kerf and A are isomorphic.
Proof. Let φ :A → Kerf be the map given by (a)φ = a〈1〉τ . The previous corollary says that
φ is surjective. Besides, if 0 = (a)φ = a〈1〉τ , there exists n ∈ N such that 0 = aπ(x)n. Using
Lemma 14 we prove that a = 0 and therefore m = 0. 
Proposition 19. The A-module A satisfies
U
( lim←− ARnA
A
)
= 0
Proof. For each n ∈ N let an = π(x) + π(x)2 + · · · + π(x)n−1. The element (an + RnA)n∈N is
in lim←−
A
RnA
, because an −an+1 = −π(x)n ∈ RnA, therefore an +RnA = an+1 +RnA in A/RnA.
If (an + RnA)n∈N + A = 0 in lim←−
A
RnA
A
, then there exists a ∈ A such that an − a ∈ RnA for each
n ∈ N. Then we could find elements bn ∈ RnA with a degree greater than or equal to n such that
a = π(x) + π(x)2 + · · · + π(x)n−1 + bn. But this cannot be made for n greater than the degree
of a, therefore (an + RnA)n∈N + A is not 0.
Besides,
π(x)
((
an + RnA
)
n∈N + A
)
= π(x)((π(x) + π(x)2 + · · · + π(x)n−1 + RnA)
n∈N + A
)
= (π(x)2 + π(x)3 + · · · + π(x)n−1 + RnA)
n∈N + A
= (π(x)2 + π(x)3 + · · · + π(x)n−1 + RnA)
n∈N +
(
π(x) + RnA)
n∈N + A
= (π(x) + π(x)2 + π(x)3 + · · · + π(x)n−1 + RnA)
n∈N + A =
(
an + RnA
)
n∈N + A.
If we repeat this process, we get (an + RnA)n∈N+A = π(x)t ((an + RnA)n∈N+A) for all t ∈ N,
therefore (an + RnA)n∈N + A is a nonzero element in the unitary part. 
Theorem 20. Let k be a field and X = {x, y, z1, z2, . . . , zn, . . .} a countable set. Let P be the
set of words over X given by {xz1} ∪ {xzn − zn−1y: n ∈ N, n  2} and I the ideal of k〈X〉0
generated by P . Finally, let R be the nonunital ring k〈X〉0/I , then R-DMod is not an abelian
category.
Proof. By Proposition 19 and Corollary 13, the morphism f is a monomorphism in the category
R-DMod which is not a kernel. 
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Proof. We have proved that in case all unitary modules are firm, then the ring is xst and the
category is abelian. For the previous ring, there should exist unitary nonfirm modules. 
We have already proved that f is not a kernel, but we are going to make the explicit construc-
tion of a morphism g :P → 〈〈σ 〉〉 with P firm and Img ⊆ Imf , such that there is no h :P → 〈〈τ 〉〉
with hf = g.
Let ρ = {ynxm: n,m 0} ∪ {1}. The relations that are satisfied in 〈〈ρ〉〉 are
〈
yn
〉
ρ
= π(y)〈yn+1〉
ρ
+ π(x)〈xyn〉
ρ
, n 0,〈
xmyn
〉
ρ
= π(x)〈xm+1yn〉
ρ
, n 0, m 1.
Let g : 〈〈ρ〉〉 → 〈〈σ 〉〉 be given by (〈yn〉ρ)g = 0 for n 0 and (〈xmyn〉ρ)g = π(zm)〈ym〉σ for
n 0 and m 1.
Lemma 22. With the previous definition, g is a morphism.
Proof. We have to check that the relations in 〈〈ρ〉〉 are satisfied, i.e.
(〈1〉ρ)g = 0 = π(x)π(z1)〈y〉σ = π(y)(〈y〉ρ)g + π(x)(〈x〉ρ)g,(〈
yn
〉
ρ
)
g = 0 = π(x)(π(z1)〈y〉σ )
= π(y)(〈yn+1〉
ρ
)
g + π(x)(〈xyn〉
ρ
)
g, n 1,(〈
xm−1yn
〉
ρ
)
g = π(zm−1)
〈
ym−1
〉
σ
= π(zm−1y)
〈
ym
〉
σ
= π(x)(π(zm)〈ym〉σ )= π(x)(〈xmyn〉ρ)g, m 2, n 0. 
Proposition 23. There exists no morphism h : 〈〈ρ〉〉 → 〈〈τ 〉〉 such that hf = g.
Proof. Suppose there exists such a morphism, then
(〈
xn
〉
τ
)
f = π(zn)
〈
yn
〉
σ
= (〈xn〉
ρ
)
g = (〈xn〉
ρ
)
hf,
therefore (〈xn〉ρ)h − 〈xn〉τ =: an is in Kerf . Then
〈
xn
〉
τ
+ an =
(〈
xn
〉
ρ
)
h = π(x)(〈xn+1〉
ρ
)
h
= π(x)(〈xn+1〉
τ
+ an+1
)= 〈xn〉
τ
+ π(x)an+1
therefore, an = π(x)an+1. This proves that a1 = π(x)a2 = π(x)2a3 = · · · = π(x)nan+1, and
then a1 ∈ U(Kerf ) = 0. If we repeat this process, we prove that an = 0 for all n ∈ N and
then (〈xn〉ρ)h = 〈xn〉τ . In a similar way, we can prove (〈xmyn〉ρ)h = 〈xm〉τ using (〈xm〉τ )f =
(〈xmyn〉ρ)g.
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(〈yn〉ρ)h because this is an element in Kerf . If
0 = (〈1〉ρ)h = π(x)(〈x〉ρ)h + π(y)(〈y〉ρ)h
= π(x)〈x〉τ + π(y)a1〈1〉τ =
(
1 + π(y)a1
)〈1〉τ ,
then π(y)a1 + 1 = 0, but this is not possible, so we deduce 0 = (〈1〉ρ)h. With similar arguments,
we get 0 = (〈yn〉ρ)h.
For each n ∈ N we would have
an〈1〉τ =
(〈
yn
〉
ρ
)
h = π(y)(〈yn+1〉
ρ
)
h + π(x)(〈xyn〉
ρ
)
h
= π(y)an+1〈1〉τ + π(x)〈x〉τ =
(
π(y)an+1 + 1
)〈1〉τ ,
then an = π(y)an+1 + 1 and therefore
a0 = π(y)a1 + 1 = π(y)2a2 + π(y) + 1
= · · · = π(y)nan + π(y)n−1 + · · · + π(y) + 1.
This decomposition can be made for each an and this would be a contradiction because the
degree of an would be infinite. 
We are going to prove now that the category DMod-R is abelian for this ring R, this proves
also that the abelianness is not a left–right symmetric property.
Lemma 24. Let N be a module in DMod-R and let (lα)α∈X ∈ N(X), such that ∑α∈X lαπ(α) = 0.
Then lx = 0 and we can find elements l′t ∈ N such that ly = −
∑
t2 l
′
tπ(zt−1) and lzt = l′tπ(x)
for all t ∈ N.
Proof. N is firm, therefore
∑
α∈X lα ⊗ π(α) = 0 ∈ N ⊗A R. Using [7, Proposition I.8.8] there
exists a finite set J and family of elements nj ∈ N and ajα ∈ A with j ∈ J and α ∈ X such that
(1) ajα = 0 for almost all (j,α) ∈ J × X.
(2) ∑α∈X ajαπ(α) = 0 for all j ∈ J .
(3) lα =∑j∈J njajα .
Using Lemma 14 we can prove that ajx = 0 for all j and we can find a′j t ∈ A such that ajy =
−∑t2 a′j tπ(zt−1) and ajzt = a′j tπ(x) for all j ∈ J and all t ∈ N. Let l′t =∑j∈J nja′j t , then
lx =
∑
j∈J
njajx = 0,
ly =
∑
j∈J
njajy = −
∑
j∈J,t2
nja
′
j tπ(zt−1) = −
∑
t2
(∑
j∈J
nja
′
j t
)
π(zt−1) = −
∑
t2
l′tπ(zt−1),
lzt =
∑
njajzt =
∑
nja
′
j tπ(x) = l′tπ(x). j∈J j∈J
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Proof. Let f :M → N be a monomorphism in DMod-R, we are going to prove that f is an
injective map, therefore it is the kernel of p :N → N/M in Mod-A and then f is the kernel of p
in DMod-R (see the proof of Proposition 9). This proves that DMod-R is abelian.
If we prove that Ker(f ) is R-unitary, then Ker(f ) = 0 because f is a monomorphism and
therefore Ker(f ) is vanishing. Then we only have to prove that Ker(f ) is R-unitary.
Let w ∈ Ker(f ) ⊆ M , then w = ∑α∈X mαπ(α) for some (mα)α∈X ∈ M(X). Then∑
α∈X f (mα)π(α) = f (w) = 0 in N . Using the previous lemma we know that there exists
l′t ∈ N such that f (mx) = 0, f (my) = −
∑
t2 l
′
tπ(zt−1) and f (mzt ) = l′tπ(x).
For every mzt ∈ M = MR we can find elements mztβ ∈ M such that mzt =
∑
β∈X mztβπ(β),
then
0 = f (mzt ) − l′tπ(x) =
(
f (mztx) − l′t
)
π(x) + f (mzty)π(y) +
∑
s∈N
f (mzt zs )π(zs).
Using again the previous lemma we get f (mztx) − l′t = 0 for all t and therefore l′t = f (mzt ).
Let wx = mx , wy = my +∑t2 mztxπ(zt−1) and wzt = mzt −mztxπ(x). These elements are in
Ker(f ). Indeed
f (wx) = f (mx) = 0,
f (wy) = f (my) +
∑
t2
f (mzt x)π(zt−1) = −
∑
t2
l′tπ(zt−1) +
∑
t2
l′tπ(zt−1) = 0,
f (wzt ) = f (mzt ) − f (mztx)π(x) = l′tπ(x) − l′tπ(x) = 0.
And we also have
∑
α∈X
wαπ(α) = mxπ(x) +
(
my +
∑
t2
mztxπ(zt−1)
)
π(y) +
∑
t∈N
(
mzt − mztxπ(x)
)
π(zt )
=
∑
α∈X
mαπ(α) +
∑
t2
mztxπ(zt−1)π(y) −
∑
t∈N
mztxπ(x)π(zt )
= w +
∑
t2
mztx
(
π(zt−1)π(y) − π(x)π(zt )
)
︸ ︷︷ ︸
=0
−mz1x π(x)π(z1)︸ ︷︷ ︸
=0
= w.
This proves that Ker(f ) is unitary and therefore it is 0, monomorphisms are kernels in DMod-R
and the category is abelian. 
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